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[. INTRODUCTION

Consider two political candidates who are confrf)l?ted with the task of
selecting electoral platforms, i.e., of espousing pos@pns on one or mlorc;
issues before an electorate. Suppose that each candidate wxshf:s to sle ﬁct
a platform which secures a majority of the votes cast, or \.vach at eas
secures a tie. Assuming that citizens possess well-deﬁ_ned utlh'ty functions
over the space of all admissible platforms, the candld.aﬁe‘s might be coln-
fronted with the dilemma implied by Arrow’s Imposmb:hty Theore{r} .[ l]
That is, an electoral equilibrium may not exist in that every ad.m‘lss.lb e
platform is defeated in a majority vote. Whether or 'n'ot such an equllnbnu:jn
exists depends on the alternatives to Arrow’s condmons. that are a(sls.u.rgeai
Black [2], Inada [7], and Sen [13] formulate constf’amts on indivi u 1
preference orderings which are sut’ﬁcier.\t. t(? establish trgnsﬁnvp §locia
orderings, in which case an electoral equilibrium clearly exists. Simi ar;;
Davis, DeGroot and Hinich [4], Plott [10], Tullqck '[1.6], Sen gr}d Pattapal
[14], and Simpson [15] formulate constraints on md.mdl?al utility fgr.lgtx'ons
and on the distribution of citizens’ ideal points which ynftld an equili rllum
(but not necessarily a completely transitive social ordering). Neverthe esss,
the restrictiveness of the conditions considered thus far leads Kramer [8]
to the assertion that “cyclical majorities, or tzhse) absence of stable outcomes
jority rule, are a fact of life.” (p. . i
ungLith:és:ilrtnyism, however, is unwarrantefi: With the. exception gf Sc:‘r:.s
consideration of the utility and the disutility of' voting (see [12]), this
research is an elaboration of Black’s analy‘sis of sxngle-peaked Prt?ference
orderings. That is, these sufficient conditions consist of restrictions on
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the form of individual utility functions in that they permit citizens to
hold certain preferences but not others. But by considering the possibility
that citizens fail to reveal their preferences (i.e., that they abstain from
voting) we formulate in this essay an alternative type of sufficient condition.
Specifically, we show in Theorem 1 that if citizens abstain in a prescribed
manner, an electoral equilibrium exists for the general class of contin uously
differentiable concave utility functions. Thus, abstentions yield a majority
choice for circumstances in which the assumption that every citizen votes
fails to yield such a choice. We demonstrate in Theorem 2 that the
imposition of a set of convex constraints on the domain of each candidate’s
platform does not invalidate Theorem 1. Finally, we briefly examine some

special cases that establish the vector of mean preferences as the equi-
librium.

II. THE MoODEL AND MAIN RESULTS

Consider a society whose economy consists of a private commodity
space Y and a public commodity space X. Let C be the index set for the
citizens in the society, and let w(y | ¢, x) be the utility of citizen ¢ € C for
y € Y if the public decision x € X is adopted. Let A(c, x) € Y be the set of
admissible y which ¢ can choose, given x, and let

u(c, xX) = ,max w(y | ¢, x).

Thus, u(c, x) is the utility citizen ¢ derives from the public decision x. It is
assumed throught this paper that

(i) X is a compact convex subset of R

(i) For all ceC, ulc,x) is a continuously differentiable concave
function of x, and is strictly concave for some subset of C of positive
measure.

The distribution of preferences over the society for the elements of X
Is given by a probability measure defined on C as follows: The probability
that a randomly chosen citizen prefers x; to X, or is indifferent between
them is u(S) where S ={c|u(c, x;) > u(c, x,)}, assuming that S is
measurable.!

Suppose there are two candidates whose proposed platforms are 6 and
¥ e X. Assume that the citizens have identical perceptions of these two

! We do not require for our analysis that C be finite. However, our results still hold
for the special case of a finite citizenry.
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platforms, and believe them to be the social decisions which the candidates
adopt if elected. Let A'(u(c, 0), u(c, ), ¢) denote the probability that
citizen ¢ votes for 8 given ¢, and assume that W =0, if u(c, 0) << u(c, ),
and Mt =y =0 if u(c, 0) = ulc, ), i.e., the citizen will vote for 8
with probability y if he is indifferent between 0 and . Similarly, let
12(u(e, 8), u(c, ¥), ¢) denote the probability that citizen ¢ votes for
given 0, (and also assume that /> = 0 if u(c, 0) > u(c, ), and I* =y =0
if u(c, 0) = u(c, ¥).

Abstention occurs, then, because it 4 42, generally, is permitted to be
less than 1. We require, moreover, that the formulation of abstention
permitted in this analysis be consistent with the two causes of abstention
identified in studies of voting participation: alienation and indifference (see
Davis, Hinich, and Ordeshook [5]). Specifically, the alienation hypothesis
states that, ceferis paribus, a citizen’s probability of voting diminishes as
the utility he associates with his most preferred candiate decreases. Assume
that u(c, 8) > u(c, ) so that the citizen’s probability of voting is n; we
require then that /' decreases as u(c, ) decreases. And the indifference
hypotheses states that cereris paribus a citizen’s probability of voting
diminishes as the utility differential between both candidates decreases.
This requires that as either u(c, 8) approaches u(c, ) or u(c, i) approaches
u(e, 8), It diminishes.?

It follows, now, from the definitions of At and h? that the probability
that a citizen, randomly chosen from the society, votes for @ given ¢ is

Vi6, ) = [ Iu(c, 6), u(e, ), O dpte), M

and the probability that a randomly chosen citizen votes for ¢ given 8 is

Va6, ) = [ iu(e, 6), ule, ), ©) dule). )

For a single election the candidate who wins is the one who receives a
positive plurality of the votes cast. In this paper, the political process is

2 Observe that we let «, A, and h® be functions of ¢, the citizen index. That is, we do

not assume that the functional forms of «, #*, or k2 be identical for any subset of citizens,
or even that these functional forms bear any correspondence across citizens. Consider,
for example, u(c, 8): Davis, DeGroot, and Hinich [4] assume that, for all c€ C, u(c, 0)
is a monotonically decreasing function of the quadratic metric (6 — x(O)Y A0 — x(c)),
where A is identical for all ¢ € C. Similarly, Plott [10] requires that all contract loci
of all pairs of citizens who prefer diametrically opposed positions pass through a
common point (pp. 790-791). Our analysis, however, imposes neither the Davis ¢f al.
nor the Plott restrictions,
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0 ' i
m‘delcFi as a lwp person noncooperative game where ¢! and ¢? are the
respective objective functions of the two candidates:

¢'(0, §) = V0, ¥) — V8, ¥, )

PO, ) = V¥(8, ) — V(8, y). “

Assume that each candidate adjusts his platform continuously as follows:
dﬂi/dt = rl dgl/al; , i=1l..,n r>0, (5a)

dgldt = r2o¢?/08;,, j=1,.,n r®>0. (5b)

THeorREM L. 1. For each ceC
. and ¢ = K .
continuously differentiable and for &= L2 MG 42, 0 s

. 1
lim 4t = lim_h2
a17a, a7qy .

Lo >2.0 I;’;lrfhermor;e, =0, h2 <0, h, <0, I >0, and h2 <0
2/ =0,/ 2 0, /?22 < 0, where the inequalities are strict for those ¢ for"
which u(c, x) is strictly concave. Then,

f. There exists a unique equilibrium for the zero-sum noncooperative
political game, («, ), where®

P ) = oo, ) for all 4

and

o () >'(p2(<x, «)  forall¥.
B.  From any initial (6°, 4°), the solution to ( 1
6, 40), 1o (5), call it (8(1), -
and converges to (a, o), i.e., limy,,, 0(1) = o and lim,.,. ¢((f§ ):xi(t)), Xt

Proof. These results follow from Theorems 1, 2, 7, 8, and 9 of Rosen
[11]. To apply these theorems we must show that the matrix

2V 0! Vot 2
Q(B, lﬁ) - 009 w®' + Vow(P
(Vwo(l’l + Vyoop? 2V, 9? ) ©
is negative definite, where Vyot, Vp,oF, Vot '
gative definite, : » Vou®*, Viyeo¥, Vi@ are the Jacobi
matrices. (2244100, 80,), (02108, 24,). (oMo, 089, and (@gkiog, gy,
) 479

R . ) . .
ano;ll;lllls ;f ?m candidate ?hooscs « as his platform and the other candidate chooses
er platform, the candidate choosing « gains a positive plurality and wins
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respectively, for k == 1, 2. Note that since ¢* = —¢?, Q can be writien
. Voop! 0

Let (g1, 2> ¢) = I'(q1, 42> €) — H*(g1, g2, ©). From (1), (2), and (3),

0, ) = [Flute, 6), ue, ), ©) dp(o) ®)
Moreover, f(q1 , 41 , ¢) = 0for g, = g, since i* = v, and
f(ql s Y2 C) = hl(‘h » 9a s C) fOl' 71 > 2 (9)
= —I*q1, s ©) for ¢, <gq,.

Thus f; 2 0, f; < 0, f; <0, and f;, = 0forall ¢;, ¢, € Rand ce C with
the inequalities strict for ¢ in some subset of positive measure.

Let Vyu(c, 0) = (0u/db, ,..., ufo8,) and Veu(c,6) be the matrix
(¢2u/86; 98,), which is negative semidefinite by the concavity of u and is
negative definite for ¢ in the subset of positive measure where u is strictly

concave. Thus

Voo = fu(Vau)(Vou)’ + fiVoout

is negative semidefinite for all ¢, , ¢, , ¢, and negative definite for ¢ in a
subset of positive measure.
Thus by integrating with respect to u(c), the matrix

Verd' = | (Vaof) dulc)

is negative definite. In a similar way, it can be shown that V¢! is positive
definite and thus from (7), Q(f, ) is negative definite. Moreover, the
objective function ¢! is a strictly concave function of 8 and the objective
function ¢? is a strictly concave function of .

1t thus follows from Theorems 1, 2, 7, 8, 9 of Rosen [11] that there
exists a unique equilibrium (8%, ¢*) such that lim,,, 6(t) = 60* and

“Int-m l/j(’) = 'l‘*‘4

4 Strictly speaking, Theorem 8 does not directly apply. However, if || @i, $ir i
is used as a Lyapunov function in place of the || (4, )}l used in his paper, then his proof
is adapted to our case.
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To prove that §* = yi*
AU
¢! = —q? that

== &, suppose that 6% # *. Since ¢!(0%, y*) >
and  @¥0*, ¢*) > ¢%0*, 0%) =0, it follows from

¢](6*, ¢,*) J— 9)2(9*’ l/l*) — 0
Hence, by strict concavity of ¢! in 6,

PO + (1 = 2) %, §%) > AgH(0%, §*) + (1 — ) gl(g%, §%)
— 0 — (Pl(o*’ ll'*).

Hence, (6%, ¥*) is not an equilibrium, unless §* = ok,

By the strict concavity of the objective functions, the zero-sum nature
of the game, and the nature of the equilibrium, it follows that oo, ) =0
and ¢*0, «) == 0. The social decision « is dominant. ’Q.E;/D

L!:t us assgme now that each candidate’s choice of a platform is con-
strained to be in the set defined by

G, ) =0, for j=1..,J,

given J constraint functions G,..., G”. In this case let i j
: yeery G, each candidate a
its platform as follows: e

. J i
= a,(0, ¢, 8) for i=1,.,n, (10a)
%/Iti = r -2—% + 1_2—121 A; Z_:,Gb_:
= b(f, 4, A) for i=1,.,n, {10b)
where 6 is chosen to minimize fal = [ZZL=1 a;*112 subject to
8; > 0, if G'=0,
3, =0, if G'>0,

and similarly for A. Thus db/dt is the projection of the gradient of rigp!
onto the binding constraint manifold.

CORROLLARY 1.1.  Suppose that conditions 1 and 2 of Theorem 1 hold.

642/4/2-4
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If Giis concave for j - 1. Jand if there is no j such that both 0Gi|00; + 0
and G o - O for some i,* then the conclusions of Theorem 1 hold for

the adjustment Egs. (10).

When the possibility of coupled constraints is introduced (i.e., some
j, i, k such that 2G7/e8; # 0 and 9G7[os, # 0 holfl), the results becon?e
less general. Although an equilibrium combination of p!qtfo_rms still
exists, uniqueness is not guaranteed. In addition, the equilibrium may
depend on the speeds of adjustment @, ro). (Rosen calls thc‘se normalized
equilibria.) We can, however, state the following for r* = r2

THEOREM 2. Suppose that conditions 1 and 2 of Theorem 1 hold. If
/1 =r2>0 and if G is concave for all j =1,...,J, then for any initial
(60, ) the solution to (10) exists, call it (6(2), $(1)), an-d converges to *a
unique equilibriun (6%, *). That is, 1imq (1) = 0* andlim,.,, Y(1) = $*.

CORROLLARY 2.1. If Gi(x,x) =0 for all xe X and all j = 1,..., J, then
f* = Y* = «.

Proof. This follows from Theorems 4, 7, and 9 in Rosen [11] in much
the same way as Theorem 1 does. .

In order to prove Corollary 2.1, assume that 6* £ *. Since (¥, f/’*)
is feasible, it can be compared with (6%, $*). Applying the approprxate
part of the proof of Theorem 1, it follows that (8%, 4*) is not a
equilibrium.

1I1. SoME SpecIAL CASES

Let us return to the situation where there are no constraints on 6 and P
other than that they belong to X. For some more res‘tricted classes of
measures u, preferences u(c, x), and abstention i.’u.ncpon R (g, s G2 ),
it is possible to ascertain some properties of the equilibrium, or dominant,
platform «. In particular, three results obtain, If preferences' and abstgn-
tions are radially symmetric about §°, then o = 6°. For certe.u.n abstcnjuon
functions, « is the mean ideal preference. If, in addition, utility func‘u_o.ns
satisfy some additional conditions, then « maxim.iz.e.s the sum of utilities
for all positive linear transformations of these utilities. These resul.ts are
now stated without proof since they follow from the theorems of Section II.

s That is, the actions of candidate 1 are constrained independently of the actions of
candidate 2, and vice versa,
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ResuLt 1. Assume there exists 6°€ X and a one-to-one mapping
s C— Csuch that

(a) forall0e X, ceC, u(c, 0° + 0) = u(s(c), 6° — 6)
(b) for all AC C, u(A) = pu[s(4)), and
(© forallq,,qs,allceCandk = 1,2,

B g1, 425 ) = M4y, 42, 5(0)).

Assume also that the conditions of Theorems | hold. Then, o = 0° is the
equilibrium social decision.

ResuLr la. If conditions a, b, ¢ above hold and if the conditions of
Corollary 2.1 hold, then o = 6°.

It would be useful to illustrate Result 1 by two examples. Suppose that C
is finite and p is the counting measure, i.e.,

VIO, ) = Y h(ulc, 0), u(c, ), c)n

ceC

(where n is the number of citizens) or, one man-one vote. Suppose that
there are an even number of citizens in C and that for each ¢+ there is an
opposite ¢~ such that u(ct, ) = u(c~, —0) for all 8 € X. Assume that
h(gy, gy, ¢) = kg, , qs , 5(c)). Then Result 1 holds and « = 0.

Consider the special case where u(c, §) is a monotonically decreasing
function of || @ — x(c)|l, the Euclidean distance between x(c) € X and the
point 6. The social decision x(c), called the ideal or bliss point, is the one
in X which gives the citizen ¢ the maximum uitility. If the distribution of
the x(c) is radially symmetric about zero, then the society is composed of
pairs c*, ¢~ such that u(ct, §) = u(c, ), and thus « = 0 is the dominant
social decision.

Observe that this last example is consistent with the sufficient conditions
for the existence of a majority preference established by, e.g., Plott [10]
and Simpson [16]. Nevertheless, with suitable restrictions on A%, /2, and y,
we can show that the mean ideal preference is the dominant social choice
for conditions which fail to satisfy those of Plott and Simpson. Specifically,
we do not impose now any constraints of symmetry on the distribution of
x(c). Suppose that for each c, u(c, 8) is strictly concave in 8 € X. Since X
is a compact set, there exists a unique point x(c) € X, called the ideal or
bliss position for ¢, which maximizes his utility, i.e.,

u(e, x(¢)) = max u(c, 0).
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Assume that x(¢) is Borel measurable and let F(x) be the distribution
function induced by the mapping x : C — X.

RESULT 2. Assume that x(c) = x(¢') implies that u(c, 0) = u(c’, 0) for
all 0 X and that f(q1, 92> © = f(@1s G2> €) for all q,, q». [Then
(0, ) = [x fu(x, ), u(x, ), x) dF(x) is well defined.] Assume also, that
fori=1,.,nandall 6=, andk = 1,2, oh*[98; is linear in x. Then

o= f X dFGY).

ResuLT 3. If, in addition to the conditions of Result 2, du(x, 6)[06; is
linear in x for all 8, then

[ u(x, o) dF(x) = max J‘ u(x, 0) dF(x).
Jx ¢ X
Moreover, for all linear transformations g such that dgldu >> 0,
[ elur, )1 dF) = mpx [ gluCx, 01 4FCO)
X 8 b'e

Thus if A, k2, and v have derivatives with respect to 8; which are linear
in the ideal position x, the mean ideal position of the society is the
dominant social choice arrived at by two-party competition, and this
mean ideal position maximizes the averages utility for the society.

REFERENCES

1. K. J. ArRrROW, Social Choice and Individual Values (New York: Wiley, second
edition, 1963).

2. D. Brack, The Theory of Committes and Elections (Cambridge: Cambridge
University Press, 1958).

3. D. BLack anD R. N. NewiNng, Committee Decisions with Complementary Valua-
tion (London: Hodge, 1951).

4. 0. A. Davis, M: DEGRooT, AND M. J. HmICH, Social preference orderings and
majority rule, Econometrica, 10 appear. '

5. O. A. Davis, M. J. HinicH, anp P, C. ORDESHOOK, An expository development of a
mathematical model of the electoral process, Amer. Pol. Sci. Rev. 64 (1970).

6. M. DUMMET, AND R. FARQUHARSON, Stability in voting, Econometrica 29 (1961).

7. K. I TANADA, A note on the simple majority decision rule, Econometrica 32 (1964).

8. G. H. KraMER, “On a Class of Equilibrium Conditions for Majority Rule,”
Cowles Discussion Paper No. 284 (1969).

9. P. K. PATTANAIK, A note on democratic decisions and the existence of choice sets,
Rev. Econ. Studies 35 (1968).

10. C. R. PLoTT, A notion of equilibrium and its possibility under majority rule,
Amer. Econ. Rev. 57 (1967).

s

NONVOTING AND THE EXISTENCE OF EQUILIBRIUM 153

11. J. B. RoseN, Existence and uni ilibri i
, E queness of equilibriun S
games, Econometrica 33 (1965). ¥ " points for concave N-person

12. A. K. StN, Preferences, votes : itivi jori isi
Sradios 31 (1964 , votes and the transitivity of majority decisions, Rev. Econ.
ii 2 ll((.SSEN, A possibility theorem on majority decisions, Econometrica 34 (1966).
. c1. - EN AND P. .K..PA’ITANAIK, “Necessary and Sufficient Conditions for Rational

hoice under Majority Decision,” J, Econ. Theor. 1 (1969).

}2 Ic’} l}r SiMPsON, On dcﬁning areas of voter choice, Quart. J. Economics 83 (1969)
- G. Turrock, The general irrelevance of the general impossibility theorem Quar. '
J. Economics 81 (1967). > feuart

17. W. Vickrey, Utility, st i isi
74 (1960, y, strategy, and social decision rules, Quart. J. Economics

[18. B. WaARD, Majority voting and alternative forms of public enterprises, in Public

Economy of Urban C ities (. i i
gt ommunities (J. Margolis, Ed. (Baltimore: Johns Hopkins



